INTRODUCTION
The technique of artificial absorbing boundaries is often applied in the numerical modelling of wave propagation and other related numerical studies of ultrasonic NDE. For a physical problem with an unbounded spatial domain, the introduction of artificial boundaries to bound the computational domain can be vital for a successful numerical solution. Even for problems with bounded spatial domains, the introduction of artificial absorbing boundaries that localize the area of interest can reduce the computing cost and allow limited computer resources to achieve more. It is particularly so in ultrasonic NDE where the field near the scatterers or transducers is normally of interest Artificial absorbing boundaries are introduced through special boundary conditions that fllter out waves propagating outwards from the area of interest. Thus the calculation of the wave field needs only to be performed on a computational domain much smaller than the physical domain. In recent years, there have been many contributions in the development of absorbing boundary conditions with a variety of techniques employed for achieving energy absorption, see [1, 3, [6] [7] [8] . The review article [2] provides more background on the subject.
The artificial boundaries that we are going to deal with in this work are Z = (zot. Z = (zo\, x = (xot and x = (xo\. Here, z = (zot is defined as the boundary z = Zo that bounds the computational domain z ~ zoo The other three boundaries can be described similarly. In the following sections, we shall mainly establish our analysis and develop absorbing boundary conditions for the artificial boundary z = (zoL Results for other types of artificial boundaries will be discussed also.
The elastic wave equations concerned in this study are in the form of
The parameters a. and 13 are the compressional and shear wave velocities, respectively.
Solutions of the elastic wave equation (1) (1) (2) and shear wave vectors (3) where cp(s) in the above expressions is some suitable univariate potential function.
REFLECTION COEFFICIENTS AND ZERO REFLECTION ANGLES
The absorbing boundary conditions that we are looking for are in the form of homogeneous partial differential equations with constant matrix coefficients. Generally, they may be expressed as (4) where L(p, q, r) is a homogeneous 2 x 2 matrix polynomial.
Let us consider the artificial boundary Z = (zoL and assume Zo = 0 without the loss of generality. When a compressional incident wave 1t 1t
): = sin e, 11 = cos e --< e < -
that travels in the positive-z direction hits the boundary z = (zoL with e being the angle of incidence, two reflected waves are generated for the boundary condition (4) to be satisfied. Thus the solution to both the elastic wave equation and the boundary condition will be where 11'11 > 0 and a2(~2 +11 2 ) = 132(~2 +11 12 ). We shall call Rpp the compressional reflection coefficient and Rps the shear reflection coefficient for a compressional incident wave, respectively. Similarly for a shear incident wave, the solution will be where Re(11"11) > 0 and 132(~2 +11 2 ) = a2(~2 +11'12). We call Ru the shear reflection coefficient and R,p the compressional reflection coefficient for a shear incident wave, respectively. Substituting (6) and (7) into (4), we obtain the following expressions for the reflection coefficients as functions of the angle of incidence e (8) and
An angle Sp is a zero reflection angle for compressional incident waves if
then S. is called a zero reflection angle for shear incident waves. From (8) and (9), we deduce that (10) and (11) are equivalent to
S =Q and L(-I3,smS.,cosSs)
. S =0.
PRACTICAL SECOND ORDER ABSORBING BOUNDARY CONDITIONS
We examine the propagation of the following wave In order to remove the reflections from the artificial boundary z = (zot. we need absorbing boundary conditions that can differentiate waves travelling in these directions. Thus an absorbing boundary condition in the form of a second order partial differential equation should contain the term!!n. It is also desirable that absorbing boundary conditions are in simple differential equation forms that are comparable with the elastic wave equation (1) . We therefore seek absorbing boundary conditions (4) with (15) that is
The unknown elements of coefficient matrices may be determined by requiring zero reflections for certain angles of incidence. For two arbitrarily prescribed angles Sp and S .. we impose Then by solving three pairs of the vector equations of (12) with L defined by (15), we obtain 318 (if) Equation (16) with matrix elements given by (19) is our new absorbing boundary condition for the artificial boundary z "" (zot. Plots of reflection coefficients versus angles of incidence for aluminium are displayed in Figure 1 for (a p , a.) = (0°, qO) , (30°,30°), (30°,0°) and (0°,30°). The condition for z = (zo)+ can be derived formally by replacing ex and ~ by -ex and -~. respectively. For vertical artificial boundaries, absorbing boundary conditions are obtained by exchanging x with z and U with W.
We point out that the class of new absorbing boundary conditions presented here is the generalization of our earlier work [7] which corresponds to the case a. = ap == al. The main improvement lies in the fact that the angles of zero reflection can now be assigned to absorbing boundary conditions independently for compressional and shear incident waves. It therefore yields an additional degree of freedom for the reduction of unwanted reflected waves. This becomes particularly important after studying the plots of reflection coefficients in Figure 1 . The magnitudes of reflection coefficients R pp and R ps' due to compressional incident waves, are small for a reasonably large range of angles of incidence. However, reflection coefficients R .. and R. p , due to shear incident waves, do not exhibit the same property. By adjusting the values of a. and ap, the magnitudes of reflection coefficients R .. and R sp maybe minimized, as indicated in Figure 1 .
A NUMERICAL EXAMPLE
To demonstrate the effect of our new absorbing boundary conditions, we consider the problem where a rectangular void appears in the middle of a solid formed by aluminium. The scattered wave field due to the presence of such a defect is to be calculated. The computational domain is chosen to be a larger rectangle that has sides parallel to the sides of the rectangular defect. Absorbing boundary conditions are imposed on all sides of the computational domain. The sides of the rectangular defect are constrained as stress-free surfaces. The calculation of the wave field will be carried out through a forward iteration in time.
Let !!;,i,k = .!f(xo + iAt, Zo + jill, to + kru) and denote the difference operators • • . , , I
We now summarize the finite difference formulation for computing the wave field. At interior body nodes, the discretized wave equation is used which gives [4, 5] with a slight modification are implemented for boundaries of the rectangular void in the middle. For example, the formula for the lower edge is
Absorbing boundary condition (16) is fIrst combined with elastic wave equation (1) to and then implemented as A vertical compressional pulse that travels upwards is introduced in the lower part of the computational domain. The pulse is regarded as an analytical solution when no defect is present and is available at any time level. The scattered wave due to the void is to be computed. Absorbing boundary conditions only apply to the scattered wave fIeld. Figure 2 shows the wave fIeld at t = to, t = to + 75& and t = to + 125&. The parameters for absorbing boundary conditions used in the calculation are e p = 0° and e, = 30°. The display in Figure 3 covers three cases to illustrate a simple comparison of our new conditions with two existing ones. Case 1 is Stacey's P4 condition [8] where 9 p = 9. == 0°.
Case 2 is the condition from our earlier work [7] with 9p == 9, = 30°. An improvement over Stacey's condition is shown. Case 3 is the new condition developed in this study with 9p = 0° and 9, = 30°. A further improvement is observed.
